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Abstract 

It is commonly stated in Newtonian Mechanics that the torque with respect to the laboratory frame 
is equal to the torque with respect to the center of mass frame plus a R x F factor, with R being the 
position of the center of mass and F denoting the total external force. Although this assertion is true, 
there is a subtlety in the demonstration that is overlooked in the textbooks. In addition, it is necessary 
to clarify that if the reference frame attached to the center of mass rotates with respect to certain inertial 
frame, the assertion is not true any more. 
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In Newtonian Mechanics, we define the total external torque of a system of n particles (with respect to 
the laboratory frame that we shall assume as an inertial reference frame) as 

n 

N ea;t =^]r,x F i(e) , 

i=i 

where r^F^g) denote the position and total external force for the i — th particle. The relation between the 
position coordinates between the laboratory (L) and center of mass (CM) reference frames 1 is given by 

r s: = r't + R , 

with R denoting the position of the CM about the L, and denoting the position of the i— th particle with 
respect to the CM, in general the prime notation denotes variables measured with respect to the CM. An 
standard demonstration shows that £Q 

Nc **= {jl r 'i XF *(^ + RXF . 

where F corresponds to the total external force on the system of particles (measured by the L). It is usually 
said that the first term on the right side of Eq. Q provides the external torque relative to the CM. Strictly 
speaking this is not the case, since Fj( e ) is a force measured with respect to the L system, and since the CM 
is not in general an inertial reference frame, the force measured by the CM is not equal to the force in the L 
system. As it is well known from the theory of non-inertial systems [2], the total force on the i— th particle 
measured about the CM reads 

¥[ = F( - rmAcM ■ (2) 

Where Aqm denotes the acceleration of the CM with respect to the L. Taking into account that the 
force on the i— th particle is given by the sum of the external forces plus the internal ones we have 

n n 

F ke) + E F »fe = F *(e) + E F ^ ~ m « A «' , ( 3 ) 
fc=l k=l 
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1 For the center of mass reference frame we mean a system of reference whose origin lies at the CM, at that is in relative 
translation (but not in relative rotation) with respect to certain inertial frame. 
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where denotes the internal force on the i— th particle due to the k— th particle, and to, is the corresponding 
mass. Now, if we take into account that the internal forces are independent of the reference frame 2 , and 
using Eq. © we get 

F He) = F *(e) ~ m.AcM ■ (4) 

From Eq. Q, the external torque about the CM becomes 



i=l i=l 
n / 1 n \ 

i=l \ i=l / 



the term in parenthesis corresponds to the position of the CM with respect to the CM itself, therefore it 
clearly vanishes, from which we see that 

n n 

E F 'i X F ^) = E < X F *(e) = N C« . (5) 
i=l i=l 

replacing Eq. Q into Eq. (JIJ we get 

N £Ii =|i;r:xF' lM J + RxF. (6) 

From Eq. © we can assert that the total external torque about the laboratory is equal to the external torque 
about the center of mass plus the torque equivalent to a particle located at the position of the center of mass 
undergoing the total external force of the system of particles. 

This coincides with the assertion given in commontexts. However, such statement follows from Eq. © 
and not from Eq. Q as appears in the literature. Moreover, as it is clear from the development above, the 
demonstration of Eq. (JSJ) is the clue to asseverate this statement. In turn, Eq. J5J is satisfied because the 
fictitious forces do not contribute to the total external torque. 

Finally, this clarification is also necessary to establish the equation 

- NcM ' 

with Tjcm denoting the total angular momentum of the system of particles about the CM. As it is well 
known, this equation is valid even if the center of mass is a non-inertial system of reference JT], in whose 
case the fictitious forces should be included in the demonstration. 

Example 1 Let us consider the case of a yo-yo of mass M and radius b which falls unwinding by means 
of a string, as shown in Fig. QJa. In a system of reference located at O, the forces over the yo-yo are the 
weight and the tension, both of them produces a torque and the problem is quite complicate. In the system 
of reference of the CM we have an additional fictitious force. The weight has null torque, the tension gives 
a torque of 6Tk ; and the torque associated with the fictitious force can be written as 



N fict = - J dm r' x sl C m 



Where &cm denotes the acceleration of the CM with respect to O, factorizing acM we get N/i c t = 
—MR' x acM = 0, and hence the fictitious torque vanishes. Therefore we get the result usually found in 
textbooks 

Mg — T — Ma = , = I- = 6Tk. 

y dt dt 

Although the result is the same as in the literature, the correct procedure requires to take into account the 
fact that the system of reference attached to the CM is non inertial. 
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Figure 1: (a) A yo-yo unwinding from a string. Its CM is accelerated with respect to an inertial reference 
frame, (b) A physical pendulum hanging from a fixed point O. The system attached to O is considered 
inertial, while the system associated with the CM is in relative translation with respect to the latter. In this 
case the acceleration of the CM is not constant, notwithstanding the fictitious force associated with the CM 
system does not give a torque. 



In the case in which the acceleration of the center of mass is constant, we can relate the fact that the 
fictitious forces do not produce torque, with the principle of equivalence. According to this principle, the 
resultant fictitious force on the system of particles is equivalent to a weight owe to a uniform gravitational 
field. Consequently, it appears as a gravity force acting on the CM (see Sec. 8.4 in Ref. and therefore the 
torque with respect to the CM is clearly zero. Nevertheless, we point out that according to our dcmostration, 
the torque due to the fictitious forces vanishes even if the acceleration Aqm is not constant, in whose case 
the equivalence principle does not hold. Fig. |2Jd shows a system in which the CM reference frame is in 
relative translation with respect to an inertial frame, in this case the torque associated with the fictitious 
force vanishes, though Acm is not constant and the equivalence principle cannot be applied. 

In the previous treatment we have implicitly assumed that the center of mass reference frame defines 
coordinate axes that are only in relative translation with respect to the inertial system. Now let us assume 
that the center of mass is at rest with respect to a certain inertial frame, but the axes of coordinates associated 
to the CM defines a rotating system with angular velocity SI with respect to the axes of coordinates of the 
inertial frame. As it is well known, the vectors of position coincide in both systems of reference (i.e. v[ = rj) 
but not their time derivatives. The total torque on the system is 



Kotal =J2 T 



n x 



i^k 



ik 



i(e) 



— 2miSl x v- — rriitt x (SI X rj 



(7) 



where ^ik + ^i(e) defines the force on the i— th particle, measured by the inertial reference frame 

and —2m,iSl x v' i: — mjfi x (SI x rj) refers to the coriolis and centrifugal forces respectively. For simplicity, 
we shall assume that the internal forces are central and that they depend on relative positions only (and 
not on relative velocities or higher time derivatives), so that the torque associated with the internal forces 
vanishes, and only the external torque contributes, yielding 



with 



N Lrf = £ Vl x [ F *( e ) - 2m «° x v i ~ x {Six r^] 

i=l 

= N ext + N fic t 



N/ irf = {mjrj x [2SI x v- + SI x (SI x rj)]} 



(8) 



Eq. (JHJ shows that in the most general case, the fictitious forces could produce a torque. Let us illustrate 
this issue with the following example 

2 In the case of central internal forces it is clear since they are functions of the relative positions among different pairs of 
particles. Nevertheless, even in the case in which the forces are not central, they depend on relative positions, relative velocities, 
relative acelerations etc. So that the invariance under different frames still holds. 
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Example 2 A couple of identical beads are sliding without friction on a rigid wire (of negligible mass) 
rotating at constant angular speed to (see Fig. In this case the CM of the system is at rest with respect 
to an inertial frame. But we can define a rotating system with the origin in the CM and rotating with the 
wire. The coriolis and centrifugal forces on each bead are plotted in Fig. \^p. Since we are interested in the 
torque produced by fictitious forces only, we do not consider the torque coming from the (real) normal force. 
Assuming the axis of rotation to be along with the z axis we obtain 

N/i Ct = ri x (F cor j + F centil ) + r 2 x (F cor:2 + F cent:2 ) 

the centrifugal forces are parallel to the corresponding vectors of position so that their contribution vanish, 
we also see that r 2 = — ri and F cor ,2 = ~F cor ^i and the fictitious torque becomes 

Nfun = 2ri x F cor> i = -2riujv[k = -2ririwk 

the values of r\, f\ can be calculated to be (see example 8.7 in Ref. '21) 

n = Ae ut + Be- Wt ; h = oj (Ae ut - Be - "*) 

and the fictitious torques do not vanish. It is not difficult to find examples in which the centrifugal force 
could also contribute to the fictitious torque. The reader could try with the system described by Fig\^>. 




Figure 2: (a) Aerial view of a couple of identical beads sliding on a rotating wire. The Z— axis is out of the 
paper. The centrifugal and coriolis forces are indicated in the diagram, (b) Two identical particles joined by 
a thin rod of negligible mass, and rotating at constant angular velocity ui, the centrifugal forces are indicated 
in the diagram and no coriolis force appears in a system that rotates with the particles. In both diagrams 
we only show the fictitious forces. 

In conclusion, we can asseverate that 

Next = Ncm + R x F ext ; — j^- — Ncm 

at 

only if the system of reference attached to the CM is not in relative rotation with respect to certain inertial 
frame. It is related with the fact that the fictitious forces produced by relative accelerated translation do 
not produce torque, while the fictitious forces associated with relative rotation do. 

A final comment about a more general framework, let us assume a non- inertial system (denoted by S") 
in relative translation with respect to an inertial frame. If the acceleration of <S" coincides with &CMi but 
the origin of S" is not located at the CM, the fictitious forces associated with S" do produce a torque; 
Fig. |2K shows an example. In addition, if the acceleration of 5" is not the same as the acceleration of the 
CM, the fictitious forces associated with S" also produces a torque as it is shown in Fig. Ob- These fictitious 
torques can be calculated by assuming that the resultant fictitious force is applied to the CM even if Acm 
depends on the time. 
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Figure 3: In both Figs, the car has an acceleration A and we assume 2 dimensional reference frames for 
simplicity: (a) The thin stick is at rest with respect to the car. The acceleration of the CM of the thin stick 
is precisely A and the system of reference S" has the same acceleration. However the origin of S" does not 
lie at the CM of the stick. It can be shown that in this case the fictitious force produces a torque, (b) The 
stick is oscillating around its equilibrium position. In this case the acceleration of 5" does not coincide with 
the acceleration of the center of mass of the stick. Once again, there is a torque associated with the fictitious 
force. 
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